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Abstract: In this paper we prove that the defocusing, (f-dimensional mass critical nonlinear 
Schrodinger initial value problem is globally well-posed and scattering for no 6 L 2 (R, d ) and d > 3. 
To do this, we will prove a frequency localized interaction Morawetz estimate similar to the estimate 
made in [lOj . Since we are considering an L 2 - critical initial value problem we will localize to low 
frequencies. 

1 Introduction 

The d-dimensional, L 2 critical nonlinear Schrodinger initial value problem is given by 

iu t + Au = F(u), 

o J (1-1) 

u(0,x) = u £ L (R ), 

where F(u) = /i|-u| 4 / rf -u, u = ±1, u(t) : Tl d — > C. When u = +1 (II. ip is said to be defocusing and 
when [i = —1 (jl.ip is said to be focusing. The term L 2 - critical refers to scaling. If u(t,x) solves 
(jl.ip on [0, T] with initial data k(0, x) = uq{x), then 

\ d l 2 u(\ 2 t,\x) (1.2) 
solves (jl.ip on [0, p-] with initial data \ d l 2 uo(\x). The scaling preserves the L 2 (R d ) norm. 

\\X d/2 u (Xx)\\ L 2 {nd) = ||«o(aO||Ll(Rd). ( L3 ) 
It was observed in [lj that the solution to (jl.ip conserves the quantities mass, 



M(u(t))= I \u{t,x)\ z dx = M(u(0)), (1.4) 

and energy 
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E{u(t)) = - [ \Vu(t,x)\ 2 dx + t~~ / \u(t,x)\ M * ± dx = E(u(Q)). (1.5) 



2(d + 2 

Remark: When /U = +1 this quantity is positive definite. 
A solution to (jl.ip obeys Duhamel's formula. 

Definition 1.1 u : I x K d ->• C, I C R is a solution to (jl.ip i/ /or any compact J C /, n G 
C?l£(J x R d ) n L^~(J x R d ), and /or a22 1, to G ^ 



u (i) = e i( *- to)A n(t ) - » 



f e^- T ^F{u{T))dT. (1.6) 



2(rf+2) 

The space L 4 .j, 1 * (J x R d ) arises from the Strichartz estimates. This norm is also invariant under 
the scaling 111.20 . 



Definition 1.2 A solution to (ji.jp defined on I C R up forward in time if there exists to £ I 

such that 



sup(J) 
to 



2(d+2) 

|n(i,x)| d dxdt = oo. (1-7) 



n b/ows up backward in time if there exists to G / swc/i i/iai 

/•to 

•/inf(i) 



2(d+2) 

it(i, x)| d dxdt = oo. (li 



Definition 1.3 ^4 solution u(t,x) to (jl.ip is said to scatter forward in time if there exists u+ G 
L 2 (R d ) suc/i i/iai 



lim ||e iiA n+ -n(t,x)|| L 2 fRd -) =0. (1.9) 

t— too > ' 

^4 solution is said to scatter backward in time if there exists n_ G L 2 (R d ) such that 

lim ||e <tA «_ - u(t,x)\\ L 2 (Rd) = 0. (1.10) 

t— >— oo ' 

Theorem 1.1 For any d > 1, there exists e(d) > such that if \\uo\\L 2 (Rd) < e(d), then (ji.ip is 
globally well-posed and scatters both forward and backward in time. 
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Proof: See H], [5]. □ 



We will recall the proof of this theorem in §2. 0], [5] also proved (jl.ip is locally well-posed for 
uq £ -L 2 (R rf )on some interval [0,T], where T{uq) depends on the profile of the initial data, not just 
its size in L 2 (R d ). 

Theorem 1.2 Given u$ £ L 2 (R d ) and t$ £ R, there exists a maximal lifespan solution u to $1.1} 
defined on/cR with u(to) = uq. Moreover, 

1. I is an open neighborhood oft®. 

2. If sup(/) or inf (/) is finite, then u blows up in the corresponding time direction. 

3. The map that takes initial data to the corresponding solution is uniformly continuous on 
compact time intervals for bounded sets of initial data. 

4- If sup(I) = oo and u does not blow up forward in time, then u scatters forward to a free 
solution. If inf (I) = — oo and u does not blow up backward in time, then u scatters backward to a 
free solution. 

Proof: See 0|, 0. □ 

In the focusing case thee are known counterexamples to (jl.ip globally well-posed and scattering 
for all uq € L 2 (R d ). In the defocusing case there are no known counterexamples to global well- 
posedness and scattering for uq £ L 2 (R d ) of arbitrary size. Therefore, it has been conjectured, 

Conjecture 1.3 For d > 1, the defocusing, mass critical nonlinear Schrddinger initial value prob- 
lem /i = +1 is globally well-posed for uq £ L 2 (R rf ) and all solutions scatter to a free solution 
as t — >■ ±oo. 

This conjecture has been affirmed in the radial case. 

Theorem 1.4 When d = 2, a = +1, (jj.jp is globally well-posed and scattering for no £ L 2 (R 2 ) 
radial. 

Proof: See [H]. 

Theorem 1.5 When d > 3, u = +1, (jj.jp is globally well-posed and scattering for uq £ L 2 (R d ) 
radial. 

Proof: See [31], [23]. 

In this paper we remove the radial condition for the case when d > 3 and prove 
Theorem 1.6 (jj.jp is globally well-posed and scattering for uq £ L 2 (R d ), d > 3. 
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Remark: [21] and [23] also proved global well-posedness and scattering for the focusing, mass- 
critical initial value problem 



iu t + Au = — | 
u(0, x) = Uq 



u\ 4 l d 



u 



(1.11) 



with radial data and mass less than the mass of the ground state. Many of the tools used in 
this paper to prove global well-posedness and scattering when fj, = +1 can also be applied to the 
focusing problem with mass below the mass of the ground state. So whenever possible we will prove 
theorems for \x = ±1. 

Outline of the Proof. We prove this theorem via the concentration compactness method, a 
modification of the induction on energy method. The induction on energy method was introduced 
in [3] to prove global well-posedness and scattering for the defocusing energy-critical initial value 
problem in R 3 for radial data. [3] proved that it sufficed to treat solutions to the energy critical 
problem that were localized in both space and frequency. See [10] , [25] , [37] , and [29] for more work 
on the defocusing, energy critical initial value problem. 

This induction on energy method lead the development of the concentration compactness method. 
This method uses a concentration compactness technique to isolate a minimal mass/energy blowup 
solution. [21] and [23] used concentration compactness to prove theorems 11.41 and 11.51 Since (jl.ip 
is globally well-posed for small H^ollz^Rd), if (jl.ip is not globally well-posed for all no € L 2 (R d ), 
then there must be a minimum H^o llz/ 2 (R. d ) = m o where global well-posedness fails. [33] showed 
that for conjecture 11.31 to fail, there must exist a minimal mass blowup solution with a number of 
additional properties. We show that such a solution cannot occur, proving theorem 11.61 See [181 , 
|19j . |20| for more information on this method. 

Definition 1.4 A set is precompact in L 2 (R d ) if it has compact closure in L 2 (R rf ). 

Definition 1.5 A solution u(t,x) is said to be almost periodic if there exists a group of symmetries 
G of the equation such that {u(t)}/G is a precompact set. 

Theorem 1.7 Suppose conjecture \1.3\ fails. Then there exists a maximal lifespan solution u on 
I C R, u blows up both forward and backward in time, and u is almost periodic modulo the group 
G = (0, oo) x R rf x H d which consists of scaling symmetries, translational symmetries, and Galilean 
symmetries. That is, for any t 6 /, 
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x — x(t) 




where Qt{x) € K C L 2 (R d ), K is a precompact subset of L 2 (R d ). 



4 



Additionally, [0,oo) C I, N(t) < 1 on [0, oo), iV(0) = I, and 



o 



2(d+2) 

\u(t, x)\ <i dxdt = oo. (1-13) 



Proof: See [33] and section four of [31]. □ 

Remark: This is also true of a minimal mass blowup solution to the focusing problem (|1.11|) . 

Remark: Prom the Arzela-Ascoli theorem, a set K C L 2 (R, d ) is precompact if and only if there 
exists a compactness modulus function, C(n) < oo for all n > such that 

/ \f(x)\ 2 dx+ [ \f(0\ 2 d^<V- (1-14) 

J\x\>C( V ) J\H\>C(ri) 

To verify conjecture 11.31 in the case d > 3 it suffices to consider two scenarios separately, 



N(t) 6 dt = oo, (1.15) 



and 



iV(£) 3 (ft < oo. (1.16) 







The main new ingredient of this paper is to prove a long-time Strichartz estimate. The proof of 
this estimate relies on the bilinear Strichartz estimates and an induction on frequency argument. 

Theorem 1.8 Suppose J C [0, oo) is compact, d > 3, u is a minimal mass blowup solution to (jl.ip 
for /j, = ±1, and JjN(t) 3 dt = K. Then there exists a function p(N), p(N) < 1, lim/vr^oo p(N) = 0, 
such that for N < K , 

\\P\ ( - m >Nu\\ jm < mo ,dp(N)A 1/2 . (1.17) 

L 2 t Lt (JxR d ) W 

To preclude the scenario J °° N(t) 5 dt = oo we will rely on a frequency localized interaction Morawetz 
estimate. (See |10j for such an estimate in the energy-critical case. [lOj dealt with the energy-critical 
equation, u(t) £ H , and thus truncated to high frequencies). The interaction Morawetz estimates 
scale like Jj N(t) 3 dt, and in fact are bounded below by some constant times fj N(t) 3 dt. Since we 
are truncating to low frequencies, our method is very similar to the almost Morawetz estimates that 
are often used in conjunction with the I-method. (See [1], [7], [8], [9], [11], [6], [15], p3], [12], and 
|13j for more information on the I-method.) The estimates (|1.17f) enable us to control the errors 
that arise from frequency truncation and prove 
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Theorem 1.9 If JjN(t) 3 dt = K, and C is a large constant, independent of K, then 

(-AA|x - y\)\P<cKu(t,x)\ 2 \P< C Ku{t,y)\ 2 dxdydt < mo4 o(K). (1.18) 



I J JR d xR d 

This leads to a contradiction in the case when N(t) 3 dt = oo. 

To deal with the case when J °° N(t) 3 dt < oo, we use a method similar to the method used in |21j . 
[32], and [23] . Such a minimal mass blowup solution must possess additional regularity in particular 
u(t) € Lf H%([0,oc) x R d ) for < s < 1 + 4/d. Since / N(t) 3 dt < oo, N(t) \ as t -> oo, this 
contradicts conservation of energy. We rely on theorem 11.81 to prove this additional regularity. 

Outline of the Paper: In §2, we describe some harmonic analysis and properties of the linear 
Schrodinger equation that will be needed later in the paper. In particular we discuss Strichartz 
estimates. Global well-posedness and scattering for small mass will be an easy consequence of these 
estimates. We discuss the movement of and N(t) for a minimal mass blowup solution in this 
section. We also quote bilinear Strichartz estimates and the fractional chain rule. 

In §3 we prove theorem 11.81 We use these estimates in §4 to obtain the frequency localized inter- 
action Morawetz estimate and in §5 to obtain additional regularity. 

Acknowledgements: I am grateful to Monica Visan for her helpful comments on a preliminary 
draft of this paper. 

2 The linear Schrodinger equation 

In this section we will introduce some of the tools that will be needed later in the paper. 
Linear Strichartz Estimates: 

Definition 2.1 A pair (p, q) will be called an admissible pair for d > 3 if | = d(^ — |), and p > 2. 
Theorem 2.1 Ifu(t,x) solves the initial value problem 

iu t + Au = F(t), 

U(0,X) = U , 

on an interval I, then 

\\ u \\L*LUixn. d ) ~p,q,p,q4 INIIl 2 ^) + W F \\ l p' L%(ixR<i)> ( 2-2 ) 
for all admissible pairs (p,q), (p,q)- p' denotes the Lebesgue dual of p. 
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Proof: See |30| for the case when p > 2, p > 2, and [T7] for the proof when p = 2, p = 2, or both. 
We will rely very heavily on the double endpoint case, or when both p = 2 and p = 2. 

We will also make heavy use of the bilinear Strichartz estimates throughout the paper. 

Lemma 2.2 Suppose v(t, £) is supported on |£ — £,o\ < M and u(t, £) is supported on |£ — £q| > iV, 
M << iV, £ G R d . T/zen, /or the interval I = [a, b], d>l, 

, , M^- 1 )/ 2 .. , , . . 

l| / Hl£ t %(/xR< J ) ~ jyi/2 lplls°(-fxRd)Fllgo( JxR d), (2.3) 



where 



u 



IfiJf/xH") = H°)IIl3(R<») + ll(*^s + A MI W • ( 2 - 4 ) 

L t T^(/xRrf) 



Proof: See [37]. 

We will also need the Littlewood-Paley partition of unity. Let 4> E Co°(R d ), radial, < (j) < 1, 

1, Id < 1; 



0, |d>2. ^ 



Define the frequency truncation 



T(P< N u) = (2-6) 

Let P>nu = u — P<nu and P/v« = P<2NU — P<nu. For convenience of notation let = P/vu, 
u<n = P<nu, and u > n = P>nu- 

The Strichartz estimates motivate the definition of the Strichartz space. 
Definition 2.2 Define the norm 

\\ u \\s°(IxR. d ) = SU P IMIifLK/xR'*)- (2-7) 
admissible 

S°(I x R d ) = {u £ C°(J,L 2 (R d )) : ||n|| 5 o (/xRd) < oo}. (2.8) 

We a/so define the space N°(I x R d ) to 6e i/ie space dual to S°(I x R d ) with appropriate norm. 
Then in fact, 

\\ u \\s°(lx-R d ) ~ ll n o||i2( R d) + ||-F||jvo(/ X Rd)- (2.9) 
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Theorem 2.3 (| 1. l\i is globally well-posed when H^o llz, 2 (R. d ) is small. 
Proof: By (gSD and the definition of S°, N°, 

\\ u \\ 2(d+2) <d ||^o||L 2 (R d ) + IM^ twgj • (2.10) 

L t,x d ((-oo,oo)xR d ) ((-00,00) xR d ) 

By the continuity method, if ||ito||z, 2 (R< i ) ^ s sufficiently small, then we have global well-posedness. 
We can also obtain scattering with this argument. □ 

Now let 

A(m) = sup{||u|| 2 (d+2) : u solves ([LTJ, ||n(0)|| L 2( R d) = m}. (2-11) 

L ttX d ((-oo,oo)xR<*) 

If we can prove A(m) < oo for any m, then we have proved global well-posedness and scattering. 
Indeed, partition (—00,00) into a finite number of subintervals with ||u|| 2(d+2) < e for each 

subinterval and iterate the argument in the proof of theorem [ 



Using a stability lemma from |33| we can prove that A(m) is a continuous function of m, which 
proves that {m : A(m) = 00} is a closed set. This implies that if global well-posedness and 
scattering does not hold in the defocusing case for all uq € L 2 (R, d ), then there must be a minimum 
mo with A(m.o) = 00. Furthermore, [33J proved that for conjecture 11.31 to fail, there must exist a 
maximal interval I C R with \\u\\ 2(d+2) = 00, and u blows up both forward and backward 

V ( /xRd ) 

in time. Moreover, this minimal mass blowup solution must be concentrated in both space and 
frequency. For any r\ > 0, there exists C(rj) < 00 with 



/ 

J\x 



\u(t,x)\ 2 dx<rj, (2.12) 

J\x-x(t)\>%$ 
and 

\u(t,0\ 2 d^<V- (2-13) 



\t-m\>c(v)N(t) 

By the Arzela-Ascoli theorem this proves {u(t, x)}/G is a precompact. It is quite clear that shifting 
the origin generates a d-dimensional symmetry group for solutions to (11. ip . and by (II. 2p changing 
N(t) by a fixed constant also generates the multiplicative symmetry group (0, 00) for solutions to 
(jl.ip . The Galilean transformation generates the d-dimensional phase shift symmetry group. 

Theorem 2.4 Suppose u(t, x) solves 



S 



iut + Au = F(u), 
u(0, x) = uq. 

Then v(t,x) = e~ lt ^ \ 2 e lx '^°u{t, x — 2£ot) solves the initial value problem 

iv t + At> = F(v), 
v(0,x) = e ix<0 u(0,x). 
Proof: This follows by direct calculation. □ 



(2.14) 



(2.15) 



If u(t,x) obeys (I2TT21 and (I2TTB1 and v(t,x) = e'^ 2 e ix <°u(t,x - 2f t), then 

/ \v(t,0\ 2 dC<V, (2-16) 

[ \v(t,x)\ 2 dx<n. (2.17) 
y|as-2€o*-a(*)|>^} 

Remark: This will be useful to us later because it shifts £(t) by a fixed amount £o £ For 
example, this allows us to set £(0) = 0. We now need to obtain some information on the movement 
of N(t) and 



Lemma 2.5 If J is an interval with 



2(d +2 ) <C, (2.18) 



then for ti,t% G J, 

N(h) ~c,m W(i 2 ). (2-19) 



Proof: See [21] . corollary 3.6. □ 

Lemma 2.6 Ifu(t,x) is a minimal mass blowup solution on an interval J, 



I N(t) 2 dt < \\u\\ 2 X' 2) < 1 + / N(tfdt. (2.20) 

L t:E d (JxR d ) 



Proo/: See [23]. 
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Lemma 2.7 Suppose u is a minimal mass blowup solution with N(t) < 1. Suppose also that J is 
some interval partitioned into subintervals with \\u\\ 2(d+2) = e on each J^. Again let 

N(J k ) = sup N(t). (2.21) 

Then, 

ViV(J fc )~ / N(tfdt. (2.22) 
j J J 

Jk 

Proof: Since N(t\) ~ Nfa) for t\,t% £ it suffices to show |J&| ~ jvpfc? • ^ Holder's inequality 
and ([232D , 



,mn- 2(d+2) /" „ d+2 1 2(d + 2) 

(— ) d <{ m 2 |u(*,s)| ds) <* <mo IvfT^IK*' 1 )!! wi 

Therefore, 

N{tfdt< mo e, 

so \Jk\ < Af77 x 2 • Moreover, by Duhamel's formula, if \\u\\ 2 (d+2) = e then 

(kJ ' L— (J fe xR^) 

e 



l( '- afc)A «(a fc )|| 2 ( d+ 2, >- 



where Jfc = [a^,^]. By Sobolev embedding, 



|| e ^t-« fe )^^ ^ (afc) || 2(d+2) < mQ jv(J fc ) 2 |J fc |. (2.23) 

L t , x d (JfcXRd) 

Therefore, |J^| > N{j k ) i ' Summing up over subintervals proves the lemma. □ 

We can use this fact to control the movement of £(£). This control is essential for the arguments in 
the paper. 

Lemma 2.8 Partition J = [0, To] into subintervals J = U J k such that 

\\u\\ 2 (d+ 2) < e, (2.24) 

where e is the same e as in lemma Wlk Let N(Jk) = sup tg j fc N(t). Then 
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ie(0)-£(To)|<5>(J fe ), (2.25) 

k 

which is the sum over the intervals 
Proof: See lemma 5.18 of [22]. □ 

Possibly after adjusting the modulus function C{rf) in (|2.12p . (|2.13p by a constant, we can choose 
£(*) : I -> R d such that 

l|^)l<diV(t) 3 . (2.26) 

Fractional Chain Rule: Another essential tool that we will need is a good analysis of embedding 
Holder continuous functions into Sobolev spaces. Since d > 3 our analysis of (jl.ip will be compli- 
cated by the fact that the nonlinearity F(u) = fi\u\^^ d u is no longer algebraic. Because of this fact, 
the Fourier transform of F(u) is not the convolution of Fourier transforms of u, and thus F(P < n) 
need not be truncated in frequency. Instead, we will use the fractional chain rule. 

Lemma 2.9 Let G be a Holder continuous function of order < a < 1. Then for every < s < a, 
Kp< oo, A < a < 1, 



III v I KJ ~\ u, )\\Lx(R d ) rZ III"! " llL^(Rd)lll v I u-| |S 

Proo/: See [37]. 



V| s G(n)|| Lg(Rd) < llliir-II^CR^IUVrtill^ ■ (2-27) 



Corollary 2.10 Let < s < 1 + 4/d. T/ien on any spacetime slab I x R d , 



|V| s F(n)|| 2^ < \\\V\ s u\\ 2^ ||n|| 4/ i +2) . (2.28) 



Proo/: See [23]. 



Corollary 2.11 For < s < 1 + 4 



|V| s F(n)|| ^IHIi^rJxR^H^HI , & ■ ( 2 - 29 ) 
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Proof: We use an argument similar to the argument found in [23J to prove corollary 12.101 The case 
s < 1 follows from S7F(u) = 0(|ti| 4//rf )(Vu) and interpolating with the estimate for //|u| 4//fl! u. Now 
consider s > 1. 

Case 1:, d = 4 

\\^)\\ LlLr[JxR4) 
= \\F z (u)Au + F- z (u)Au+F zz (u)(Vu) 2 + F- zz {Vuf + 2F^(u)|Vu| 2 || L?i 4/ 3(JxR4) . 

By interpolation 

H VU "l4l|/ 3 (JxR4) ~ H An llL t 2 L|(JxR4)ll u llL-Ll(JxR4), 
which proves the corollary in this case. 

Case 2: d > 4: Use the chain rule and fractional product rule (see [M] for more details). 



|||V| s F(n)|| « <\\F z (u) + F,(u)\\ d/2 \\\V\ s u\\ « 

+ |||V| s - 1 [F z ( U ) + F f ( U )]|| * l|Vn|| ifSL P (JxR<i) , 



(2.31) 



with 



1 (d - 2) s - 1 . 

- = - - + , (2.32) 

1 _ 2 (a - 2) s - 1 



g d 2ds 2s 

By interpolation, 



(2.33) 



l|Vn|| L?siS(JxRd) < IHVI^II 1 /; ll«ll^xR*)- (2 ' 34) 

L2L^ 2 (JxR^) 



Now use lemmaEISl Choose a with < a < 1. Let i = and i = {a ~ 1 ^~ 2) + (s ~ ^iT^ • 

Both F z (z) and F z (z) are Holder continuous functions of order ^. Without loss of generality consider 

*;(«)■ 

\ 8 - x WJ,,.(+W\\.„,„^ < \\U,(t\\ 4 l d - s -ir\ 



\\M s -'F z {u(t))\\ Lmd) < ||Kt)r~— || L n (Rd) |||Vru(t)|| ^ )pa . (2.35) 



By interpolation 
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Ill V|X*)lfi < \\M S u{ s " 2a. hl&wtl*)- (2-36) 

Finally, 

HI |4/d_^i || < |i,.||2/pi / 9 o 7 \ 

Summing up our terms, the corollary is proved in this case also. 
Case 3, d = 3: Take 2 < s < 7/3. 

\\M S F(u)\\ L2tL e /5{JxR3) 

= \\\V\ s - 2 [F z (u)Au + Fz(u)Au+2F zZ (u)\Vu\ 2 + F zz {u){Vuf + F zz (u)(Vu) 2 \\ L , L , /5{JxR3) . 

(2.38) 

i^zj -^22) i* 1 ** are Holder continuous of order 1/3, while F z and F s are in fact differentiable, so use 
lemma [2. 131 and interpolate as in the previous case. □ 

Finally, at various points in the proof of theorem 11.61 we will also rely on the Sobolev embedding 
lemma. 



Lemma 2.12 // - = ~ — £ and p < |, then 

H p (R d ) C L p (R d ), 

and 



u 



LP(K d ) Sp,d \\ u \\HP(R d )- 



We will also rely on the Hardy-Littlewood-Sobolev lemma. 

Lemma 2.13 Suppose ^ = 1 — (~ — ~), 1 < p < oo, 1 < g < oo, and < r < d. Then let 

G(x) = [ —!—F{y)dy. (2.39) 
J \x-y\ r 

\\G\\Ll(R,d) i$ \\ F \\LP(R d )- {2A0) 
We will use this result in §4 a great deal. 
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3 Long-time Strichartz Estimates 

In order to defeat the minimal mass blowup solution we will obtain Strichartz estimates over long 
time intervals. These estimates will be used in §4 to preclude scenario (|1.15p from occurring and 
in §5 to preclude scenario (|1.16p . 

Theorem 3.1 Suppose u is a minimal mass blowup solution to fi = ±1, J is a compact 

interval with N(t) < 1, and 

J N(tfdt = K. (3.1) 
Then for N < K, there exists a constant C^mo, d) such that 

\\ p \i-i{t)\>N u W n -M^ <C 3 [m ,d)— m . (3.2) 
Proof: We prove this theorem by induction on N. Start with the base case. 
Lemma 3.2 Since J is compact and N(t) < 1, 

2(d+2) 

- =C(J) <oo. 



L* (JxRd) 



Therefore, theorem I3.il is true for N < 



K 

cm- 



Proof: Partition J into C 2 +J/d subintervals Jk with ||u|| 2(^+2) = e. By Duhamel's formula 



and Strichartz estimates, 



L. d (J fc xRd) 



U 



which implies 



ls°(J fe xR d ) ~d ll""o||L2( R d) + IMI ^fiji) <m ,d 1, (3-3) 

L7^~(JkxR d ) 



\\u\\ 2 d < C 1 (m ,d)C(J) 1 / 2 . (3.4) 



This implies theorem 12.11 is true for the interval J when N < 



K 
C(J)- 



Next, we will make the inductive step. In the interest of first exposing the main idea, we will obtain 
an estimate conducive to induction when = 0. After this, we will treat the case when is 
time dependent, which necessarily introduces a few additional complications. 
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Remark: The case £(t) = is already fairly interesting on its own. It includes the radial case, but 
also includes the case when u(0, x) is symmetric across the x\ , .... axes. 



Lemma 3.3 If £(t) = 0, then there exists a function S(Cq), 5(Co) — > as Cq — > oo, such that when 
d = 3, 

n ii s ii i \ - ,M 

ll u >AnlL t 2 L6(j xR 3) ^m 0l (i,s lF>A r llL i ° c L2 ( j xR 3) + ^ {jTJ \\ U >M ||xfL|(JxR 3 ) 

M<r)N 

C ^ K l/2 ( (3 - 5) 

+ ^(Co)||w>f ? Ar||i2 i 6(j xR 3) + ^ N y/ 2 ( SU P ll n >'7A r lls'0(J fc xR3))- 

When al>A, 

,M 



(3.6) 



^,4-6/d^2/d 

+<5(C )||«>^Ar|| 2d + °/ A r\2/d (su.p 1 1 >T?iV r [ | go ( j x R d ) ) 1 1 ^> 77 AT 1 1 ~ 2d 

L?L|^(JxRrf) (r/iV) 2 / rf J k L2 L |=2 (JxRd) 



Proof: Define a cutoff x(i) € C^°(R d ) in physical space 



i, |x-x(t)| < wk; 



Cq will be specified later. 



\\P >N (\ U (T)\*/ d u(T))\\ a Jfc <d ||P>^(h <r?i v| 4/ V^)|| « 

L 2 L?^(JxR d ) L^L^CJxRrf) 

+ ||(n>^Ar)|M >c oA r (t )| 4/d || 2d + \\(u >vN )\(l ~ x(t))u <CoN (t)\ i/d \\ ™ (3.8) 

L 2 L^+ 2 (JxR d ) L 2 L^ +2 (JxR d ) V ' 

+ \\(u> v N)\x(t)u <Co N(t)\ A/d \\ ™ 

By Bernstein's inequality and (I2.29|) . for any < s < 1 + 4/d, 

||-P>Jv(k<i7Ar| 4/d M<J77v)|| M < rf -Tpr|||V| 8 U< n Jv|| 2d IMll~r,3f ; x Rd) ( 3 - 9 ) 



< 



mo,d 



M <rjN * x ( Jxti - ) 
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For the next two terms we use (|2.12p and (|2. 13j) . Since mass is concentrated in both frequency and 
space, we can deal with the mass outside these balls perturbatively. 



\\{u>vN)\u >Co N(t)\ i/d \\ M. + \\(u >vN )\(l - x(t))u <Co N(t)\ A/d \\ 2d 

< ll^ivll^^^^IIKl - X(0)«lli»£g (JxR «!) + \\ U >C N(t)t L ^ L 2 { j xnd) ] 

< 6(Cq)\\u >v n\\ 2<l_ , 

LlLt 2 (Jxn d ) 

with 5{Cq) as C ->■ oo (see (j2~T2]l . (j2~T3]l ). Finally, take 

\\(P> v Nu)\ X (t)u <CoN{t) \ 4 / d \\ 2^ . (3.11) 

We will use (|2 . 3[) to estimate (|3.1ip on each subinterval and then sum over all the subintervals. 



u 



ls°(J fc XR d ) - IKHl^Rd) + |||-u| 4//d u|| 2(d+2) So.d 1- (3.12) 



When d = 3: Recall that -/V(Jfc) = sup^j^ N(t). Applying the bilinear estimates, mass conser- 
vation |MlLjx>L2(j xR d-) = mo, and Holder's inequality, 

II (P>r,Nu)\ X (t)u< CoN(t) | 4 / 3 || L? L s/5 (Jfc xR3) 
< \\(P>nNU){u<CoN(J k ))\\Ll a; (J fe xR3)llx(0llL t °°L6(J fc xR< i )ll n ll Lt c» L 2 ( j xR d ) 



C N(J k ) C 1/2 

(^1/2 ^iVXJfc)^ lF>^lls2(J fe xRd)ll"ll50(J fc xRd)- 



Summing over the subintervals Jk and using lemma 12.71 

C 3/2 K 1 ' 2 

||(P >r ,Aru)|x'U<CoAfW| 4,/3 |l L 2 i 6/5 (JxR 3 ) <m ,d ~ ^ ( SUP H U >^ || S£( Jfc xR d) ) . 



When (i > 4: 



To simplify notation let ~ = 2 ^ 2 " > an d - = ~ + |. 



(P >?? 7vn)|x(0^<CoiV(i)| 4/d |l „ m 
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< |||(^ > ^^)(«<O A, C 0)| 4/d (x(t)) 4/rf ||^/ 2 ^^ xRd) ll(^ > .;iV^) 1 - 4/rf || , t 

L, t l^ x (JXti, ) T 2d/(d-4) T (d-2)(d-4) 



L M/ ld -4J L l B -^l««-*J (JxRd) 



Now, 



l|[(P>^n)(.< CoWW )]^( X (t))^|| L , /2Lg(JfcxRd) 

I(J fc xR d ) 

(CoiVfJfc)) 2 ^ n 4/d || ,,4/d , Cp s 2 ( d ~ 2 > 

~ d (^JV) 2 /d H U >^ iV ll50(J fc xRd)ll U ll50(J fc xRd) ( .7V(J fc ) J 

< r ,4,-&/d f N{J k ) ^/ dnni 4/d 
~m ,d^o V ^ N ) W U >vN\\ S 0(j kXn dy 

Again summing over all subintervals, 

l|[(P>,Ar«)(«<CoAr(t))] 4/<i (x(i)) 4/<i ||, 



L^ /2 LS(JxRd) 



^4-6/d 



^2/d C 4-6/d 



^m ,d ^2/d ^ 



(sup||«>„Ar||s2(J fc xR«')) 4/<i - 



Therefore, 



< 



ll(«>^)lx(*)«<CoAT(t))| 4/d |l , ^ 

L 2 L, d+2 (JxR<*) 

K 2/d 

m ,d ° 2 /d Ar2/d ( SUp H">^llgg(JfcXR'')) 4/d |l"»?^|| 2d 



By Strichartz estimates, when d = 3, 

II II <- II II f^\s|| II 

lF>iv||L 2 L|(JxR3) ^m ( „d,s ||«>At||l°° L 2 (JxR3) + 2^ ^) ll n >A^ Hl 2 L|(JxR3) 

M<r)N 
(7 3 / 2 i^l/2 

+5(Co)||n>^Ar|| L 2 L 6(j xR 3) + ^ N y/ 2 ( S ^P H u >^ lls°(J fc xR 3 )) 



(3.13) 



17 



This proves lemma [3T3l when d = 3. When d > 4, 



\U>N\\ 2d ^m ,d,s \\U>N L?°L2(JxR d ) + >, (^j «>M 2d 

LfL^(J X Rd) « M<rjN N L^L^~ (JxR d ) 



+(5(C )||u > , ) Ar|| 2d + ^ ^ (sup 1 1 ^ >7?A ^ 1 1 go ( J fc X R.^) ) 4/rf I [ ^->r?AT 1 1 1 4/ l 

LfLl^CJxR") (7?iV) 2 / d Jfc L?L^(JxR d ) 

(3.14) 

This proves lemma [3731 □ 



Formulas f)3. 13|) and f)3. 14|) are quite good enough for us to prove theorem 13. II by induction, as will 
be shown in a moment. When £(t) is time dependent we will settle for a slightly more complicated 
estimate. 

£(i) time dependent: When £(t) is time dependent we run into a bit of difficulty with the 
projection of the Duhamel term. Consider the case when J = [0, T], d = 3, N(t) = 1 and 
£(£) = (t, 0, 0) to illustrate this idea. The low frequencies at time t = will be the high frequencies 
at some later time. Indeed, at time t > N, £ = will belong to the set 

{|£-£(i)|>iV } . 

Therefore, we cannot use the exact same argument as in the case when £(t) = because the 
projection 

\\ p \i-m\>N(n A/ Hu))\\ L 2 L ^ {[ ^ T]xRn) 

cannot be controlled by 

1 1 (t) | 1 1 L 2 ( [0,T] x R™ ) • 



Instead, we will partition J into subintervals where |£(£i) — £(£2)! ^ N on each of the subintervals 
and use the Duhamel formula on each subinterval separately. By lemma [2751 



- m\ <d f N{tfdt. 

J a 

So if N(t) 3 dt « N, we can use the Duhamel formula and the triangle inequality to say 



18 



ll^-£(t)|>AHlLf£6 (M]xR3) < d \\P\Z-Z(a)\>f U ( a )\\LUR- 3 ) + H P |^(a)|>f (l U ! 4/3n )llL24 /5 (JxR3) 

(3.15) 

~ d \\ P \Z-Z(a)\>§ U ( a )hl(nZ) + H P |f-«r)|>^(l"| 4/3u )( T )II^L2/ 8 (JxR3)- 

(3.16) 

The tradeoff is that we are required to compute ||-f > |^-^(t)|>jv' u lli/ 2 L6 over a bunch of subsets of J 
separately and then add up their L\L\ norms. 



Lemma 3.4 Suppose £(t) is time dependent, and u satisfies the same conditions as theorem \3.1\ 

K 

lh£-?(t)l>Ar|| 2 ^ d <m ,d,s (jr + 1 r\\ u \^( t )\>§ hfL%(JxK d ) + {t B j) ( 3 - 17 ) 

Lj. L x (i/ xR ) 

+ ^2 (^u) S ll n l?-5(*)l>M"H -M, + <5 (Co)ll'"|g-5(t)|>^Af|| M (3.18) 



M<r)N 



C 'o /2 (^r) 1//2 ( su Pjfe ll u |£-£(i)|>»?AHIs»(j fc xR d ))> i/d = 3; 

+ i c 4 - 6/d (^) 2 / d hi^ W |>^ii l - 4/ i L ( S u Pj jMi S o (JfcXRd) )^, ifd >4. ( 3 - 19 ) 



L 2 L, d " 2 (JxR d ) 

if . , ,„ f I 

+ 



/ K a/2 / ll u €-€(*)l>»J^IU?'i2(JxR» i */d-3, 

i^J S ii n 4 / d ^ ^ I 3 - 20 ) 

(jt-Bj) is ifte number of subintervals Jk with \\u\\ 2(^+2; = e and N(Jk) > ^^p. ^4s in i/ie case 

L t ^ (J fe xRd) 

w/ien = 0, S(C ) -> as C -> oo. 

Proof: By lemma [2TS1 we can choose r/i(d) sufficiently small so that |£(ii) — £(£2)! < 100??^) ^ or 
ti,t2 G dfc. Since J is compact and N(t) < 1, J is the union of a finite number of subintervals 
Jk with |] 1* || 2(d+2) = e. We will call these subintervals with ||u|| 2(d+2) = e the e - 

L hx d (J fc xRd) (J fc xRd) 

subintervals. 

We will call the e - subintervals with N(Jf.) > the bad subintervals. Then we will rewrite 
J = L)Gj U Bj, where Bj are the bad e - subintervals and Gj are the collections of good e - 
subintervals in between the bad subintervals. Because ^ N(Jk) ~^ K, 

m)< d 2h 



Nth 



19 



Next, cut each Gj into some sub collections of e - subintervals Gj = U/G^y with 

^iV(Jfe) <?7iiV (3.21) 
on each Gji, and such that one of three things is true about each Gjj: 

1. 

^< £ N(J k )< m N, (3.22) 

2. G^y is adjacent to -Bj+i, 

or 

3. G^y is at the end of J. 

It is always possible to do this, because if Gjj is not adjacent to -Bj+i or the end of J, and 

£ "W < ^ 

we can add the e - subinterval adjacent to G^y to G^.; and still have 

N(J k )<ViN. 

Therefore, 

IK 

(iG jtl )< d (^ j ) + l + —. (3.23) 
For the interval Bj we will be content to simply say 

INI m. ^ 1 + h&B-x-R*) ~ m <)' d 11 ( 3 - 24 ) 

Now take G.y = [a jh bji]. By ([3T2TD . |£(a j7 ) - f (t)| < ^ when t G Gj- This will give us something 
that is pretty close to (|3.13p and (|3.14p on each individual G^y. 



Lemma 3.5 For Gjj = [aji,bji], 
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\P\t- m>N u\\ T2T 2^ < mo ,d, s ll^_ CKi) | > ^w(a j7 )|| L 2 (R[ i ) 



L 2 t L%- I (G ] ,ixn d ) 



+ 5(C )\\P\£-£(t)\ >v Nu\\ 2d 

+ \\( u \(-m\>vN)\x(t)u\Z~((t)\<C N(t)\ i/d \\ 2 -2^ 



+ E <aF> 



W L?L^(G f ,xR<*) 



Proof: By Duhamel's formula the solution on Gj % \ has the form 

(flu 



3,1 

(t,x) = e i{t - a ^ A u( aj i) -i f e i (*- T ) A |«(r)| 4 / d u(r)ciT. 



Because |C( a j,0 ~~ < 



jV 

100' 



2d ^ ll-l \t_cl n \ I ^ JV 1i 2d 

LfL^(G J)iX Rrf) 14 tWI> ' L^L^F 1 ^ (Gjj xR d ) 

d ll P |{-«^)l>4 U (°j')llLg(R«') + ll^^f (I«| 4/d «)ll 2r ^ 



L?L^+ 2 (G,,,xR") 
Turning to the Duhamel term, 



d \\ p \^( ajl )\>^-(\ u ^-m\<vN \ 4/du \z-m<vN) II 3 



+ llh«-€WI>^)k|€-«WI>G 7Vw| 4/ 1l m 

L t L x (Gjj xR ) 

+ llh ? -^)|> ? ,iv)l(l-x(i))H 4/d |l ^ 
IK u |C-{(t)|>uJv)lx(t)«|c-f(t)|<CoJV(t)l 4/d || r2r ^^ • 

L t L x (GjjXR ) 



By (gJ2) and ([2TT3]) . 
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IK u |£-£WI>r?Ar)|(l - x(t))u\^-^(t)\<c N(t)\ 4/d \\ o M 

+ IK u |{-{(*)l>^)hf-«t)l>CfeJV(t)| 4/d || (3.34) 



< ^(Co)||^^-$(t)|>?7Ar|| .24 
This takes care of (13311 and (1332]) . Next take (l3T30|) . 



ll P l?-«(^)l>f (I U I5-5WI<^| 4/ ^I5-?WI<^)II ^ (3.35) 

= II^KO+ew^f ^"^^Vic-fwi^l^if-fwi^)!! _ ar ^,_ _ d , ( 3 - 36 ) 

Because |£(<ijj) - £(*)! < TOT 011 G ih 

mi} < ll^ l>f (le-^Wti^^^^l^Ce-^C*)^^,^)) || ^ • (3.38) 
By Bernstein's inequality, 

L t L x (GjjXiL ) 

By corollary EH1 for < s < 1 + 4/d, 

^^A'^\\W'(^ <{ St-m<vN)\\ , ft > ( 3 - 4 °) 

M<r)N t x O^X"- J 

This finishes the proof of lemma 13.51 □ 

Returning to the proof of lemma [331 summing the estimates (|3.25p over all the Gji intervals, and 
using the crude estimate (|3.24p on each Bj, 
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Il u |£-£(t)[>ivll 2 ^ <m Q ,d,s ($ G j,i) 1/2 \\ u \£-t(t)\>f Whf L2(jxR d ) + (3-42) 

+ 6(C )\\um_.£m\ >tiN \\ 2d (3.43) 
+ ll(«[^(OI^)lx(*)«|c-c(t)|<c Ar(t)l 4/d ll rf ^ (3-44) 

+ E ( iv )S||n ^i> Mll i2L ^ (JxRd) (3 - 45) 

This is almost in an acceptable form for our purposes. All that we have left to do is make a bilinear 
estimate of (I3.44p . Take one of the e - subintervals Jk = [at-, bk\- 

Suppose d = 3 and N(J k ) < rjirjN. We have — £(ofc)| < ^"f^ for all t € Jfc. In particular, 

{M£ - £(*)| < C)iV(J fc )} c {£ : |e - f (a fc )| < (Co + -L^J^J*)} 

m{d) 

and 

{|f-e(t)i>i/jv}cft:[e-e(o*)i>^}. 



Therefore, 



IK«|£-€(t)|>ijiv)|x(*)tt|f-«t)|<(3biV(t)| 4/3 |l2^2 / «/«(j fc 



xR3) 
1/3 

^ II ( u ie-«*)i^^)( u i€-e(t)i<cbJV(j fc )) Ilif^^Axiis) lUfiscjfcXH. 8 ) Il u lli~£g(j- fc xiia) 

<mo,d C /2 |l( u | 5 - 5 (a fc )|>^)( n |^K)l<(Co + ^MJ fc )ll^(^xR3) '''' U)) 

Cl 12 N{J k )W In 

m o,d Nl/2 {\\ u \£-£(a k )\>T,N\\s°(J k xB?)), 



Remark: We take it for granted that Co is large, in particular » 



If N(J k ) > ryqiN we simply say that since IM!L 2 z,6(j fc xR3) < mo ,d 1 and ||it|| jr fcX R<i) = m , 

,4/3,1 

L?4 /5 (J fc xR3) - m o,<i ll«|£-e(t)|>»jivllLf ^(JxR*)- (3-47) 
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Because Yl-N(Jk) ~d K there are <^ ^ N intervals with N(J),) > r/r/iN. 

Now take d > 4. Let \ = 2^ and ± = \ + |. If 7V(J fc ) < ^jjJV, 

lll(^|5-^)|>^)x(i)(^-^)|<CoWw)| 4/d |l L d/2 ig(JfcXRd) 

- I' ("le-CCa*)!^:^ ^ ( u [«-€(«*)l<(Cb+^ : )JV(J*)) Hr^l( j fc xH.«*) lli.f°iS(Jxn.«») (-> ' '' "' 

< Cj-V d N(J k )W i/d 
~™0,d ^27d N 2/d \\\ u \t-t(a k )\>!ig-\\s2(J k xn. d )) ■ 

If iV(Jfe) > VViN, 

\\(^-m\>vN)\x{t)u^_ m < CoN(t // d \\ ^ < mo4 \\u\^(t)\>vN\\L^ L 2 {JxR dy (3.49) 

Once again there are ^^jq subintervals with N^J^ > t/t/iN. 
Therefore, if d = 3, 



( u |£-e(*)|>^A0lx(*)«|£-f(t)|<C o iV(f) 



xR3) 



~™o,d (r?Ar) l/ 2 ( Jfc .^ ( JP m ^ H n | f - § K)l>^^0(J fc xR3)) + ( ^ )1/2 ll«|$-^)|>r,JvllL»Ll(JxR3)- 



(3.50) 



If d > 4, 



ll(w|€-«t)|>^)|x(*)«|f-«t)|<CoM*)l II r2r ^ 7 

L t L x (JxR J 

<- A ^0 / n i|4/rf mi 4/rf 

^m ,d ; , n2/rf I sup *"|£-£(a^|>2^ S°f./ t xR<*V \\ u \i-Z(t)\>r)N \\ 2d (3.51) 

^ 1/2 „ ,,4/, 

(r/iV) 1 ^ ll u lf-C(*)l>^llL t »^(JxR««)- 
Summing up (I3.42D - (13.45f) and substituting (I3.50P or (I3.5ip for (|3.44j) . depending on dimension, 

ll u l£-£(t)l>jvll 2 d SoAs (ly + l) 1/2 \\u\£-£(t)\>N ||i°°x|(JxR d ) + (ttBj) 1/2 ( 3 - 52 ) 

■^t -^x (i/ xR ) 
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+ (-^y\\ u \i-m\>M\\ -h, + 5 ( c o)\\ u \t-m\>vN\\ „ -M, ( 3 - 53 ) 



C o /2 (^r) 1/2 ( su Pj fe ll u | 5 _ 5(afc) |>2^ll50(J fc xRd)), if d = 3; 

Co 4 - 6/d (^) 2 / d ||n,_, K)|> ^l| 1 " 4/ ^ ( S u Pjfc |M| s o (JfcXRd) )^, if d > 4. ( 3 - 54 ) 

, / K ni/2 / H n l«-€WI>^lli?°Li(JxR3), ifd = 3; 
VN { \\v\t-m>v"hriJ*(jxn?y lfd ^ 4 - 

We have used (flGj,,) < d + 1 + (^) and ^ < d |^ in ([332]). The proof of lemma [His 

now complete. □ 

Now we are ready to prove theorem l3.1[ Let s = 1. For now make the crude estimates |M| L oo L 2(j xR d) < mo 
1 and 



SUP ||«i£_£( a )i>a£[|s°(j fcX R d ) - SU P ll u lls , o(J fc xR d ) Sno.d 1- 
Jk 2 -4 



By (13321) - ([335D , 



ll«|f-«t)|>Arlli?Lg(jxR3) <C 2 (m ,d)(|) 1 / 2 + C 2 (m ,d)C 3/2 (A ) i/2 (3 . 56) 



+C 2 (m ,d) (^■)H n |«-?WI>MllL 2 L6( JxR 3 ) + C 2 (mo,d)5(Co)||n| 5 _ e(t) | > , ;A r|| L 2 L 6 ( j xR 3 ) (3.57) 

We can prove theorem 13.11 for d = 3 by induction. Suppose theorem 13.11 is true for M < r/N. 
C 2 (m ,d) ^ (^)lh?-5M|>MllL 2 L6 ( j xR 3) < 577 1/2 C 2 (mo,d)C 3 (mo,d)(^) 1/2 . 

Choose rj(mo,d) sufficiently small so that r7 1 ' 2 C 2 (mo, d) < j^qq- 
Next, 

5(Cb)C 2 (mo,d)||'U|f_£( t )| > „ i v|| u < 5(Co)C 2 (m ,d)C 3 (m ,d)(^-) 1/2 . 

L 2 L, d - 2 (JxRd) ??iV 

Since 5(Cq) — > as Cq — > 00, choose Co(r](mo,d),mo,d) sufficiently large so that 5(Cq) < 



1 

1000 • 



'/ 
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Finally, choose C^rriQ^d) sufficiently large so that 

C 2 (m ,d) + C 2 (m ,d) ^—^ 2 < J^ C ^o,d). 

This closes the induction and proves theorem 13.11 when d = 3. 
We make a similar argument for d > 4. 

hc-€(t)l>wll . ^ < C 2 (r7z , cZ)(^) 1/2 + C , 2 (r^o,rf)<^ 1 ~ 6/d (^) 2/d |K|C-C(t)l>^|| 1 ~ 4/ Jd 

(3.58) 

+C 2 (m ,d) (-Ar)ll u [S-f(t)|>MllLf L 6 (JxR 3) +C2(mo,d)5(Co)||u| S _ $ (t)| >t7 jvll 2 ^ 

M<t]N L t Lx (^ xR - 3 ) 

(3.59) 

Choose r](mo, d) > sufficiently small so that t^^C^too, d) < Next, choose Co(rj(mo, d), mo, d) 
sufficiently large so that <5(Co) ^(rao.rf) < Finally, choose 6*3(7710, d) sufficiently large so that 



C 2 (m ,d) + C 2 (m ,d)^- < -—C 3 (rn ,df/ d . 

7] L i A lUUU 

This closes the induction and proves theorem 13.11 when d > 4. □ 
For the upcoming section we will need 

to decay slightly faster than (-j^) 1 / 2 . 

Theorem 3.6 There exists a function p(N) < 1, 

lim p(N) = 0, (3.60) 

N— >oo 

such that if u is a minimal mass blowup solution to (jj.jp . p = ±1 on the compact interval J with 
N(t) < 1 and Jj N(t) 3 dt = K, then 



\u\z- m>N \\ 24 <C 3 (m ,d)p(N)A 1 / 2 . (3.61) 
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Proof: We will modify the argument of the proof of theorem 13.11 slightly, taking advantage of the 
decay afforded by (|2. 13j) . 



N^io \\ u \z-t( t )\> N W L r L i( Jx ~ Rd ) ~ ° - (3.62) 

Lemma 3.7 Let </& be an interval with \\u\\ 2(d+2) = e, N(Jk) < 1, and let u, J satisfy the 

L M d (J fc xRd) 

hypotheses of theorem \3.b\ Then there exists a function cr{N), a(N) <m ,rf 1 3 nm Af->oo cr(N) = 0, 
such that 

sup ||«|^(a,)|>Jv|lso (i7fcxR c i) < a(N). (3.63) 

Jk=[ak,bk]CJ 

Proof: Since N(Jj.) < 1, \£(t) — £(ajfc)| < 100 ^ on ^fc- Take AT > ^^y- The lemma follows from 
Strichartz estimates for A" < 
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ti |€-e(a fc )|>ivll5S(JfcXR'') ^ ll P |e-?(t)|>f U lli?°ii(JfeXRrf) 



By Bernstein's inequality, ||u|| 2(d+2) < e, 

< i|| Vc -«-«t) ( | u 1/2 | 4/ V (m<N ^\\ op* 

<^l|V(e-^ (t) n _ |<JV i/ 2 )ll ^ ||u|| ™ < mo , d iV- 1 ^. 

Also, 



Let 



(3.65) 



[IK, yl/2 l|n| 4/d |j 2(d+2) < ||u ... jvl/2 11^2 ( J, xR JMI ■ ( 3 - 66 ) 

Both (I3T65D and (l3T66|) decay to as JV / oo. □ 



C (^)=sup((s^J^ K)| >^ 2 || 5 o (JfcXRd) )- 1 / 100 ^^), (3.67) 
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r](N) = sup(<5(C (A f ))- 1/100 , C 1/10 °, 2iV- 1 / 2 ). (3.68) 
By lemma [3771 Cq(N) /* oo, which implies r](N) \ 0. By lemma [3~4"1 



+ < 



K 

W u \i-i{t)\>N\\ 2 d < c 2(m ,d)(— + l) 1/2 \\u^_ m ^N\\ L ^ L 2 { j xnd) (3.69) 

+ C 2 (m ,d) V (-77)||«|e-f(t)|>Mll m ( 3 - 70 ) 

Z ' iV IS SWI r2r 3=2/ 7 x "Rd\ 

M<r](N)N ^ tLx l ' VX±t - ' 

+ ^(Co)||^-e(t)|>r,(7V)ivll 2d (3-71) 

i?ix" 2 (JxR d ) 

C 2 (m , d)C^ 2 (^) 1/2 (sup Jk \\u^ |( 0fc )|> '7W j v llsS(J fc xR d )); if d = 3; 

CiCTno^C^^C^J^IIu^ji^ll 1 -^ (bupj, IMl50(j fc xRrf)) 4/d , if d>4. 

Z, 2 L<F 5 (JxR d ) 

(3.72) 



,w -K" u/2 / II^-^I^IIl-lKjxrs), ifd = 3; 
+ C 2 (m ,d)(— ) ' <( |U ||4 /d (3.73) 

By theorem 13. 1[ 



^iV | ll u |«-«(t)|>r 7 Arll4c i 2 (JxR 3 ) , ifd>4. 



When d = 3, 



dSTTOj) < 5C 2 (mo,d)C 3 (mo,d)r ? (iV) 1 /2(£)i/2. 
«3ZD < C 2 (mo,d)C73(mo,d)^p^(f)^. 



Co (A^) 3//2 ii' 

(M < C 2 (m ,d) ^° (jV)1/2 (^) 1/2 (sup|)n | ^ (afc)| ^ 2i ^|| 5 o( JfcXRd )), 



and when d > 4, 
When d = 3, let 
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p{ ] = C 3 (m , d) l|M l^-€WI>f \WmJ** d ) + C 2 (m ,d)( V (N)) I + C 2 (m ,d) ^ )1/2 

, C 2 (m ,d)C (N)^ (:! ' 7 " 



C 3 

and when d > 4 let 



(moid) ri(N) 1 / 2 ^\K-^ k )\>^\\s2(J k ^)) 



C 2 (m ,d) Cp(jV) 6 - 4 /^ 4/d (3 - 75) 

+ C 3 (m ,d)^ ^(JV)l/2 ( S yPll M | € - ? (a fe )|>^ll50(J fc xR d) ) • 

This implies that for N < K, 

\\u\^ m>N \\ 24 <C 3 (mo,d)/5(JN0(^) 1/2 . (3.76) 

Lemma E21 ([3757]) . ([3768]) imply p(iV) -)■ as iV ->• 00. Taking p(iV) = inf(l,p(iV)) proves the 
theorem. □ 



Remark: These estimates also hold for u a minimal mass blowup solution to the focusing initial 
value problem (jl.lip . 



4 / °° N(t)*dt = 00 

We will defeat this scenario by proving a frequency localized interaction Morawetz estimate. The 
interaction Morawetz estimate was proved for solutions to the defocusing nonlinear Schrodinger 
equation in [8] when d = 3, and in [32] for dimensions d > 4. The interaction Morawetz estimate 
was proved by taking the tensor product of two solutions to (jl.ip . Let x refer to the first d variables 
in R d x H d and y refer to the second d variables. We adopt the convention of summing over repeated 
indices. Let M(t) be the Morawetz action 

M(t)= f ~ V)j j m ^(t, x)u(t, y)dj{u{t, x)u(t, y)))dxdy. (4.1) 

jRrfxRd \x-y\ 

[S] proved 

jm(t)dt<suv\M{t)\ < llullic-^^R^IItiHicc^i^ns). (4.2) 



MIl4(/xR3) < 
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[32] proved 

/ / (-AA\x - y\)\u(t,x)\ 2 \u(t,y)\ 2 dxdydt < [ d t M(t)dt 
JiJn d x~R, d J i 

~sup|M(t)| < || - w||| t oo Z/ 2( /xR d)||n|| i oo^i (/xRd) . 
Additionally, the quantities 1 1 it || £4 (7 xR 3) and 



(4.3) 



AA|x - y\)\u{t,x)\ z \u{t,y)\ z dxdydt 

i Jn. d xn d 

are invariant under the transformation u i— > e^"t(. We will show that M(t) is also Galilean 
invariant. See [23] for more information. 

Indeed, let 

M(t)= [ ^ - V ^ Im[u(t,x)u(t,y)(d i - i^(t))u(t,x)u(t,y)]dxdy. (4.4) 
17 7m[H(t, x)Tt(i, y)(i£j(t))u(t, x)u(t, y)]dxdy 



Then 



R d xRd \x — y 



^ { t) { -^k\u(t,x)\ 2 \ U (t,y)\ 2 dxdy. 
Because \u(t, x)\ 2 \u(t, y)\ 2 is even in x — y and ^_^V is odd in x — y, M(t) = M(t). 

We will not use these estimates directly, instead, we use a frequency localized interaction Morawetz 
estimate. [TU] introduced a frequency localized version of (|4.2|) for the energy critical nonlinear 
Schrodinger equation on R 3 to prove global well-posedness and scattering. In that case u(t) € 
i/ 1 (R 3 ), so the Morawetz estimates were localized to high frequencies. Here u(t) € L 2 (R 3 ), so we 
localize to low frequencies. In the energy critical case, d = 3, the Lf x norm scales like 

i 

while in the mass critical case the Lf x norm scales like 



N(tfdt. 



i 
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This method also has a great deal in common with the almost Morawetz estimates frequently used 
in conjunction with the I- method. (See [6], [11], and [15] for the two dimensional case, and [2] in 
the three dimensional case.) 



Let C be a fixed constant and let be the smooth, radial Fourier multiplier, 

iU \ 0, |f | > 2CK. [ 0) 

Theorem 4.1 Suppose J is a compact interval with N(t) < 1 and JjN(t) 3 dt = K. Then if u is a 
minimal mass blowup solution to \i = +1, 

(-AA\x -y\)\P<c K u(t,x)\ 2 \P<cKu(t,y)\ 2 dxdydt < mo4 o{K). (4.6) 

J J~R d x~R d 

o{K) is a quantity with lin\K-_>. 00 -^jp- = 0. 

Remark: The interaction Morawetz estimates of [32], [23], [?], and [8] rely heavily on fi = +1. 
When fj, = —1 the interaction Morawetz estimates are no longer positive definite, and therefore do 
not give an estimate of the form (|4.2|) . This is the main obstacle to extending our methods from 
the defocusing case to the focusing case. 

Remark: Since J is a compact interval and N(t) < 1, 

||«|| 2(d+2) < oo. 

This means J can be partitioned into a finite number of intervals Jk with ||u|| 2(d+2) = e. 

By lemma [221 

J2 N ( J k)~ J N(tfdt. 

Jk ^ 

Therefore theorem 14.11 is good enough to exclude the scenario N(t) s dt = oo. 

Remark: For the rest of this section we will simply write < and understand that this refers to 

tSm ,d- 



Theorem 4.2 // theorem \4-l\ is true, then there does not exist a minimal mass blowup solution to 
(TQ|) with N(t) < 1, n = +1, and 

(•OO 

N{tfdt = oo. 
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Proof of Theorem \4.2\ ' We want \\P<CKu{t)\\ L 2^d^ to be very close to ||tt(i)||z,2( R d) for all t. There- 
fore, make a Galilean transformation so that £(0) = 0. Consider d = 3 and d > 4 separately. 

Case 1, d = 3: In this case we need a local well-posedness result. 

Lemma 4.3 Suppose J\ is an interval with \\P<cku\\ r io/3, „ 3 s = %, C is very large, and 
\i(t)\ < d K. Then ||«|| r io/8 (JiXR8) < f ■ 

Proof: Without loss of generality let J\ = [0, T]. By Duhamel's formula and Strichartz estimates, 
Nls°(JixR 3 ) < II^o||l 2 (R3) + ll jP <c i Hliio/3 (JixR3) + 

11(1 - i 3 <C J Fc)u||^ ig(i7i xH . 3) || (1 - P<CK)u\\ L 2 LU j lxn3) (4.7) 

< 'l«0||l, 2 (R3) + 6 + 11(1 ~ - P <C*^) n ll L oo i 2(J lxR 3)ll'"lls (JlXR3)- 



Since ||«o||i,2(R3) < 1, ||(1 - PkOK^Wl^l^xHS) sufficiently small implies IMIso^xrs) ^ 1 b Y 
continuity. Interpolating ||(1 - P<ck)u\\l^l ( >(Ji xR 3 ) ~ 1 with IK 1 ~ p <CUr)w|U°°L2(j x xR 3 ) ^ ^( e ) 

for (5(e) > sufficiently small implies ||u|| 10/3, 3 . < ¥. By (|2.13p . |£(t)| <d if, so we can choose 

^t,* (yixR ) 

C(<5, 0?) sufficiently large so that 

H n >C^llL t ° Ll(JixR3) < <5( e )- 

□ 

Remark: By lemma ESI if jjN(tfdt = K, then for any ti, t 2 G J, |£(ti) - £(i 2 )| <dK. Therefore 
if J j N(t) 3 dt = K we can make a Galilean transformation so that |£(i)| <d if on J. 

Now take asubinterval J k with ||u|| 10/3, „ 3 v = e. Lemma l4T3l implies that ||-P<cji:xt|| r io/3, „ 3 , > 
f. Prom (I2T20]) . 



N(t) 2 dt< / / |u(t,x)| 10/3 dx^<e 10/3 . (4.8) 
J fc 7 j fe Jrs 



By lemma [231 A^i) ~ iV(t 2 ) on J k , so 

e 10/3 
|Jfc| ~ N{J^ 

By Holder's inequality, 



ll P <OK«|| £ 8/3 £ 4 (JfcXR 3) £ (^y2) 1/8 |l^<C^«|lL^(J fcX R^)- (4-9) 
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This implies 

W^CKU^^ < \\P<CKu\t UJk ^ A) . (4.10) 

By interpolation if ||P<cfjftt|| £ io/3 (JxR 3 ) > § and ||P<Cjru|U«£a(J fc xR») ^ 1, then l|P<cxn|| L 8/3 L 4 (JfeXR3) 
e 5 / 4 , so 



> 



,,,|4 

"4/ 3 (J fc xR3) 



J N(tfdt ~^N(J k ) <^N(J k )\\P< C K 

^ Jk Jk 

< ^2 \\P<cku\\l4 ^ Jk xR3) = JjJ n3 \P<CKu(t,x)\ 4 dxdt. 



(4.11) 



•7* 

When d = 3, 

(-AA\x - y\) = 4ir5(\x - y\). 

Therefore 

/ (-AA|x - y\)\P<cKu(t,y)\ 2 \P<CKu(t,x)\ 2 dxdy = / \P< C Ku(t, 



x)| 4 (ix. 



Now if 



3 dt = K, 



[ N(t) 
Jo 

then by theorem 14. 1\ 

K< d [ T [ \Iu(t,x)\ A dxdt< d o(K). (4.12) 
Jo Jn. 3 

This gives a contradiction if K is sufficiently large. When J °° N(t) 3 dt = oo we can always a suitable 
T. 

Case 2, d > 4: 

/ / (-AA|x-y|)|P< C jf«(t,a;)| 2 |P<ojc«(t,l/)| a ctedy(it 

JJ JR d xR d 



J JR d xR d 



(4-13) 

)|P<OK-u(i, x)|^|P<ci^w(t, y)\ z dxdydt. 



|x-y| 3 



T jP f „ — m 

±jei '/ xooo • 



/ \u(t,x)\ 2 dx > ml - rj. (4.14) 

J\*-x®\<%% 
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Also, 



/ cn^J^U)! 2 ^^. (4-15) 



-m\>- 

Therefore, for K > 1, C sufficiently large, 

,2 



f 777 

/ r( \P< CK u(t,x)\ 2 dx>^. (4.16) 



\x x(t)\< w 

Of course, for the same x(i) £ R rf we also have 

,2 



/ \P <C Ku(t,y)\ 2 dx>^. (4.17) 



|y-*(t)[<*$ 

Therefore, because N(t) < 1, 

N(tf < N(tf( f ^ % |P< Cir u(t,x)| 2 cte)( / _ s |P< c ^(t,y)| 2 dy) 



< 



x-x(t)\<%$ J\ y „ x(t) \<CM 
N(tf ( \P<cKu(t,x)\ 2 \P< C Ku(t,y)\ 2 dxdy 

J \*-y\<Wr 

< / I — r ir\P<CKu(t,x)\ 2 \P <C Ku(t,y)\ 2 dxdy. 



in. d xR d f - y\ 

Once again, this implies that for a compact interval J, 

K= f N{tfdt< d f [ (^—f\ P<CKU (t,x)\ 2 \P <C Kn(t,y)\ 2 dxdydt<o(K). (4.18) 
This gives a contradiction for K sufficiently large. □ 

All that is left to do is to prove theorem 14. 1\ which will occupy the remainder of the section. We 
begin by estimating the error for the truncated Morawetz estimates. For the rest of the section 
C(e, mo,d) will be a fixed constant so that (I4.16P is satisfied, < jQiffi on J if JjN(t) 3 dt = K, 

and \\P<Cku\\ l m/ 3{JixR3) < § implies IM| io/3 (</ixR3) < f . 



Theorem 4.4 Let a(x,y) = \x — y\. Define the interaction Morawetz quantity 



M(t)= / a J (x,y)Im[P<cKu(t,x)P<cKu(t,y)(d j -i^ j (t))(P<cKu(t,x)P<cKu(t,y))]dxdy. (4.19) 
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Then for fj, = +1, 

cT 



f [ (-AA\x -y\)\P<cKu(t,x)\ 2 \P<cKu(t,y)\ 2 dxdydt<o(K). (4.20) 
Jo Jn d xn d 

Remark: We adopt the usual convention of summing over repeated indices. 
Proof: First take M(t). 



L 



R d xRd \x — y\ 



Im[P< C Ku(t,x)P<cKu(t,y)(dj - i£j(t))P<cKu(t, x)P< C Ku(t,y)}dxdy 



< \\ P <CKu\\ 3 L ^L 2 J[0,T]xH d )\\(^ ~ ^(0) i3 <CX'"||L t °°L2([0,T]xR d ) ^ "(if). 

We estimate ||P<c;<'^||£^L2Qo,T]xR. d ) by conservation of mass and ||(V— i^(t))P<cft:'w||i,°°L2(ro i T]xR d ) 
by (gJ3]| and N(t) <1. 

Since P<ck is a Fourier multiplier, 

5 t (P< C K«) = iAP< CK u-i\P<cKu\ 4/d (P<cKu) +i\P< C Ku\ A/d {P<cKu) - iP< CK (\u\ 4/d u). (4.21) 
If we had only 

d t {P<CKu) = iA{P< C Ku) - i\P< C Ku\ 4/d {P<CKu) 

then the proof of theorem 14.41 would be complete. We could copy the arguments from |8j and 
[32j exactly, replacing u with P<qku. Instead, it is necessary to deal with the error terms that 
arise from the fact that \P<cKu\ 4 ^ d {P<CKu) — P<cK{\u\ 4 l d u) ^ 0, and prove these error terms are 
< o(K). Let x denote the first d variables in R d x R rf and y the second d variables. We have the 
error 

£=[ [ a.j{x,y)\P<cKu{t,y)\ 2 

Jo Jn d xn d (4.22) 

Re{[P< CK (\u\ 4/d u)(t,x) - \P< CK u\ 4/d (P7c^)(t,x)}(d 3 - i^(t))P< C Ku(t,x)}dxdydt 

+ [ [ aj{x,y)\P<CKu(t,y)\ 2 
Jo Jn d xn d (4.23) 

Re{P< C Ku(t,x)(dj - i^{t))[\P< C Ku\ 4/d (P<cKu)(t,x) - P< C K(\u\ 4/d u)(t,x)]}dxdydt 
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T 



+ / / aj(x,y)Re[[P< C Ku(t,x)(dj - i£j(t))P<cKu(t,x)] 
Jo Jn d xn d 

[P<ci<(H i/d u)(t, y)P< C Ku(t, y) - P< CK (\u\ 4/d u)(t, y)P< CK u(t, y)}]dxdydt. 

(4.24) 

Now we need some intermediate lemmas. 
Lemma 4.5 Suppose u satisfies 

\\P^ m>N u\\ « < p(iV )((^) 1 /2 + i )) (4.25) 

p{N) < 1, p(N) as N -> oo, |£(i)| < Then for any 1/2 < s < 1, 

\\\V\ s e- ix <^P< C Ku\\ 2, <o(K s ). (4.26) 

L^lF^ {[0,T]xR d ) 

Proof: 

|||V| s (e— *®P<cku)\\ jM- < V iV s ||P w (e-^P<c^)|| ji. 

LfL|=^([0,T]xR^ Lfi^([0,T]xR^) 

< £ N s \\P N (e-^u)\\ « < £ iVV(Ar)(|)V2< o( ^). 

N<2CK ^t^ 1 UiVJx«. j N<2CK 

□ 

Lemma 4.6 Suppose u satisfies the hypotheses of lemma \4^S\ Then for 1/2 < s < 1, 



|V| s (e-^«P< c ^(|n| 4 / d u))|| _2d_ < mo ,di^. (4.27) 

L 2 Z^ +2 ([0,T]xR d ) 



Proof: Again make a Littlewood-Paley decomposition. 

\\M s {e- ix ^P< CK (\u\ i/d u))\\ 2d 

L 2 L?+ 2 ([0,T]xR d ) 

< Y, N s \\P N {e- lx <^P<cK{\u\ A/d u))\\ 2 ^ 

N<2CK L t L x ([0,T]xR ) 

V N s \\P N (e- lx <Vp <C K(\u\ 4/d u))\\ jm 

^ L 2 L^+ 2 ([0,T]xR d ) 



(4.28) 



Y N s \\P N (e- ix ^(\u\^ d u))\\ ^ 

~.. A 2 A, 



L?L^([0,T]xR^) 



4 
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By Bernstein's inequality, 

L%L£+2 ([0,T]xR d ) 

£ ^ll^llL"L 2 ([0TlxR d )ll V ( P <^( e "^ ( ^)))ll & ~ W^' 

By Holder's inequality, conservation of mass, 

\\\P >N {e-^u)\\u\"l d \\ ~ 

L 2 t Lf F1 ([0,T]xK d ) N L I 2 

Therefore, for N < 

\\P N (e-^P<cK(\u\ A / d u))\\ « < 

Meanwhile, 

||P > CK(e-^P<^(|n| 4 /^))|| *L 

- 4 £f£.<F 2 ([0,T]xR d ) 



< ||i>>c*(M 4/d u)|| m 

~ 5 L 2 Lx +2 ([0,T]xR d ) 

< ||P > cK(|e-"- ?(t) u| 4 / d (e-"- fW n))|| 

- 8 L t 2 L|+^([0,T]xR d ) 

Again combining Bernstein's inequality, conservation of mass, and Holder's inequality, 

||P > cK(|e^ ( ' ) n| 4/d (e-^ W n))|| 2d < 1. 

- 8 Lfi| T3 ([0,T]xR d ) 



Therefore fljjZEj) < ^ s - □ 



Lemma 4.7 Suppose u satisfies the hypotheses of lemma\4-5\ Then 



Proof: By lemma |4\6 



||P<CiKM 4/< M - \P<CKu\^ d (P< C Ku)\\ *L < mo ,d 1. (4.29) 

L 2 L d+2 ([0,T]xR d ) 



|Ve-^P<^(|n| 4 / d U )|| _2d_ 

L 2 L d+2 ([0,T]xR d ) 



Also, by the chain rule and conservation of mass, 
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|| Ve — W(\P <CK u\V d (P <C Ku))\\ 2d_ < mo , d \\Ve- ix <®P< CK u\\ 2* 

LfL-f* 3 ([0,T]xR d ) L^L^ 1 ([0,T]xR, d ) 

Since P< CK = 1 on |f | < CK, 

\\Ve- lx - m P< C K(P < cKu)\\ _2d_ = \\VP<c K e- ix ^ t \P < cKu)\\ 2d_ <K. 

~ 4 LlVjr^ ([0,T]xR d ) ' - 4 L'-*Lx~ 2 Q0,T]xR d ) 



The last inequality follows from lemma 

||Ve- fa '«*)P< CJ f(P >fi jr«)|| _2d_ <^IK_ £m |>CK|| _2d_ <lf. 

- 4 Lfi| =5 ([0,T]xR d ) l? ?WI 8 Lfi^([0,T]xR d ) 

Therefore, by Bernstein's inequality, 

||P > cxe—«W[P< C x(|n| 4 /^) - \P<cKu\ A ' d (P< C Ku)]\\ ju < 1. (4.30) 

On the other hand, by |£(i)| < yj^j and Holder's inequality, 

\\P < cKe-^ t \P<cK{\u\ A ' d u) - \P<cKu\ 4 / d (P< C Ku)}\\ m 

" 4 L?L|+^([0,T]xR d ) 

< |||u| 4 / d n- |P<c^| 4 / rf (P< Ci ,n)|| « 

L2L?^([0,T]xR d ) 

< HIP > CKu\\u\ 4/d \\ 2d < \\u l( _ ml> CK\\ 2d < 1. 

4 LfL|+^([0,T]xR d ) l? 8 L2 L ^ ( [ 0iT ] xR d) 

Therefore the proof is complete. □ 

We are now ready to estimate the first term in 8. 
Corollary 4.8 



ggj < oW. (4.31) 



Proof: Because ^ is uniformly bounded on H d x R^, by lemmas 14.51 14.71 

\x y\ - 

^m<\\P<CKuf L ^([o^x^lle^V^Wp^n)!! ^ 

* a,u ' J ; L?L I i - 2 ([0,T]xR i ) 

x||P< cx (|n| 4 / d U )-|P< c ^| 4 / d (P< c ^)|| < o(iT). 

Lfi|+ 2 ([Q,T]xR d ) 

□ 

In order to estimate (|4.47j) and (|4.48p we need one additional lemma. 

38 



Lemma 4.9 Suppose K(x) is a kernel, 



\K(x)\< d l, (4.32) 

and 

\VK(x)\< d ±- (4.33) 



Let 



Then F(x) = G{x) + H{x), where for ~ + y = 1, 



F(x) = K(x-y)- {Vf{y))g{y)dy. (4.34) 



and 



IIGIUgopttd) <d llVgllig^H/ll^^j, (4.35) 
\H\\ ¥ < d |||V| 2 / 3 3 || 2, ll/H jm , (4.36) 

4? (R d ) L^" 1 (R d ) LI+ 2 (Rd) 



H\\Ll^)<d\\M 2,Z g\\ ™ 11/11 2, . (4.37) 



LS +Z (R d ) hx (R d ) 

Proof: This is proved by integration by parts and the Hardy-Littlewood-Sobolev inequality. 



K(x - y) ■ (Vf(y))g(y)dy = - / K(x - y) ■ (Vg(y))f(y)dy - / (V • K(x - y))g{y)f{y)dy 



Let 

G{x) = - j K{x-y)- (Vg{y))f{y)dy 

and 

H(x) = - J(y ■ K(x - y))g{y)f{y)dy. 

Apply Holder's inequality and \K{x— y)\ <d 1 to G(x) and the Hardy-Littlewood-Sobolev inequality, 
\VK(x — y)\ <d \ x ~y\ ' an( ^ ^ ne Sobolev embedding theorem to H(x). □ 

Corollary 4.10 

JCT < o(K). 
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Proof: Let 

F(t,y)= [ ^k^(e--'«*)[P<cK(k| 4/d u)(t,x) 



ir* \x-y\ 

-\P<CKu\^ d (P<c K u)(t,x)})(e lx <^P^^(t,x))d^ 

Then by lemma 14,91 



F(t,y) = G(t,y) + H(t,y), (4.38) 

with 

\\G(t,y)\\ LlLs>{mxRi) < \\P<c K (\uf/ d u) - \P<cKu\^ d (P< C Ku)\\ *l 

' ^t^i ([0,T] xR d ) 

x||Ve^P< C Kn|| <o(K), 

L?L^([0,T]xR d ) 

and 

[|ff(t,v)|| 4/3 * , d ^^^(M^-lP^l 4 /^^)!! « 

L 4 t /3 Lj([0,T]x-R") L t 2 L^([0,T]xRd) 

||| V |2/3 ete .f(*)j, U || 2d <o(K 2 / 3 ). [ " j 

LfL^-^IO.TlxRd) 

By Holder's inequality, conservation of mass, 

J J^ d \P<CKu(t,y)\ 2 \G(t,y)\dydt < ||G(t,y)|| L i L?([0iT]xRd) ||P<cx«(t,y)|lioo L 2 ([0iT]xRd) < o(K). 
By Sobolev embedding, lemma [475], 

(■T 



\P<CKu(t,y)\ 2 \H(t,y)\dydt 

JR d 

< \\H(t,y)\\ ¥ \\P <C Ku(t,y)\\ 2 <o(K). 

L 4 t /3 L X S ([0,T]xR<*) " Lf Z/JF^ ( [0,T] x R d ) 



This implies (IQ71) < o(iif). □ 
Finally consider (|4.48|) . 



P<C^(k| 4/d n)P< CK n = \u\ 2+4 / d + (P< C K ~ l){\u\V d u){P<c K u) 
+ (1 - P<CK)(\u\ 4/d u)(P< C K - l)u + P<CK(\u\ i/d u)(P< C K ~ 1)«. 
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Next, let 



Im[\u\ 2+i / d ] = 0. 

F lj (t,x)= [ ^%1 - P<CK)(\u\ 4 / d u)(t,y)(P< C K ~ l)u(t,y)dy, (4.41) 

Jn d f ~~ y\ 

F 2j (t,x)= [ t^l^(P <CK -l)(\ u \^ u )(t,y)(P^)(t,y)dy, (4.42) 
Jr.* \x-y\ 



and 



F 3j (t,x)= f ^ Vk p <CK (\u\ 4 / d ii)(t, y)(P <C K ~ l)u(t,y)dy. (4.43) 
Jn d \x-y\ ~ 

By Holder's inequality, lemma 143} lemma WM. and |£ — £(i)| ~ |£| for |£| > CK, 

\\Flj\\L]L^([0,T]xR d 

< ||(1 - P<ck)u\\ « ||(1 - P<cK){\u\" d u)\\ < o(l). 

h\LT^ ([0,T]xR d ) L2L|+2([0,T]xR d ) 

Next, by lemma WM e~ ix<{f XP<CK - l){\u\ 4 / d u) = V • ^e- ix <^(P< CK - l){\u\ 4 / d u), we have 
F23 = G 2 j + H 2 j, where 

\\ G 2j\\L}L^({0,T]xR d ) 

< ||V e -*^Wp< jftt|| J*. ||^e--^)(P< OT - 1)(M 4A M|| * 

< (tf)(l) = (l). 

We use the fact that |£ — > K on the support of (1 — P<ck)- 

\\H2j || ,/o M 

L* /3 L, 5 ([0,T]xRd) 

< |||V| 2 / 3 e-^P<c^u|| *l ||^e-^W(P<cx-l)(h| 4/d n)|| *l < o{K~ 1 / 3 ). 

L 2 t L%- 2 ([0,T]xR d ) A L2 L d+2 ([0jT]xRd) 

Finally, F 3j = G 3j + H 3j , with 

ll^3j||Lll,g°([0,T]xR d ) 

,V 



< || Ve -^«P< Ci H| -*L || x e-^W(P< OT -l)(h| 4/ ^)|| 2, <o(l), 
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ll^3jllz,iL3d([ 0)T ] x Rd) 

< |||V| 2 / 3 e— m P< CK u\\ 2a. \\^-e- lx < { - t \P<cK-l){\u\ A/d u)\\ ~ < o{K~ 1 / 3 ). 

L 2 L d ~ 2 ([0,T]xR d ) ^ L 2 L d + 2 ([0,T]xn d ) 

By Holder's inequality, 

f \Fij(t,x) + G 2j (t,x) + G 3j (t,x)\\(V - iZ(t))P<cKu(t,x)\\P< C Ku(t,x)\dxdt 

JR d 

< \\Fij(t,x) + G 2j (t,x) +G 3j {t,x)\\ L i L ^ {[QtT]x - Rd) 

x ||Ve-"-«Wp<c- K M|| LrL 2 ([0iT]xRd) ||P<c^u(t,j;)|| LrL 2 ([0iT ] xRd) < o(K). 
Next, by Holder's inequality and Sobolev embedding, 

r-T r 

\H 3j (t, x) \\Ve~ lx <^P<cKu(t, x) | \P< CK u(t, x)\dxdt 

J~R d 

~ !l^3illLlL3d([ 0T l xR d ) ||Ve""^ ( ' ) P<C^n(t,x)|[rc» i 2([^^^^ 6d 

4 * U J ; LfL I 3,! - 2 ([0,T]xR' ! ) 

< oiK-^KK 1 / 3 = o(K). 
Finally, by the Sobolev embedding theorem, lemma 14.51 and interpolation, 

,-T 



o Jn d 



H 2j (t, x) 1 1 Ve~ ix<{t) P< C Ku(t, x) | \P< CK u{t , x)\dxdt 



< \\H 2 j\\ 4/3 a || Ve ia; ^ ( * ) P<c^u|| 2<l ||-P<OJf«|| jm_ 

L* /J L^([0,T]xR d ) L4 L ^T( [0jT ] xR d) L t °°L|^([0,T]xR d ) 



< o(K~ 1/3 )KK 1/3 = o(K). 
This completes the proof of theorem 14.41 □ 

Therefore, scenario J* °° N(t) 3 dt = oo has been excluded. 

We have actually proved a more general estimate. 
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Theorem 4.11 Suppose aj(t,x) is an odd function on H d for all t and there exists a constant C 
such that 

\aj(t,x)\<C, (4.44) 

\d kaj (t,x)\ < ^- (4.45) 
Suppose also that u(t,x) is a minimal mass blowup solution to (li.jp . /x = ±1. Then 

T I aj(t,x - y)\P<cKu(t,y)\ 2 Re{[P<cK(H 4/d u)(t,x) - \P< CK u\ A / d (P7^1)(t,x)} 

JR d xR d 

x(dj - i£j{t))P<cKu(t, x)}dxdydt < mo ,d o(K)C, 

(4.46) 

T 



aj(t,x - y)\P<cKu(t,y)\ Re{P <C Ku(t,x)(dj - i£j(t)) 
o JR d xR d (4.47) 

x[\P< CKU \ 4 / d (P< CK u)(t,x) - P< C K(\u\ 4/d u)(t,x)]}dxdydt < mo4 o(K)C, 



dj(t,x - y)Re[[P< C Ku(t,x)(dj - i£j(t))P< C Ku(t,x)] 

JR d xR d 

[P<CK(\u\ A/d u)(t,y)P< CK u(t,y) - P<cK(\u\ 4/d u)(t,y)P^^(t,y)]]dxdydt < mo4 o{K)C. 

(4.48) 

Proof: By theorem 13.11 a minimal mass blowup solution to (jl.ip . fx = ±1 satisfies the hypotheses 
of lemma 14.51 □ 

Remark: We conclude this section with a brief summary of what we have done. We have excluded 
the scenario when fj, = +1, J °° N(t) 3 dt = oo by proving that the errors arising from the interaction 
Morawetz estimates (|4.2p . (|4.3p are bounded by o(K). In the defocusing case these interaction 
Morawetz estimates are positive definite and > K, which is a contradiction for K sufficiently large. 
In the focusing case (|4.2j) and (|4.3p are not positive definite. However, theorem 14.111 states that 
if we did find an appropriate interaction Morawetz potential that satisfies (I4.44p . (14.45p . then the 
error would be bounded by o(K). 

5 J °° N(t) 3 dt < oo 

In this section we exclude the existence of a minimal mass blowup solution with N(t) < 1 and 
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/ N(tfdt = K < oo. (5.1) 
Jo 



Excluding this scenario concludes the proof of theorem 11.61 As in [31] and |23j we will prove 
additional regularity. Conservation of energy precludes N(t) — > as t — > oo, giving a contradiction. 
To that end we prove: 



Theorem 5.1 Suppose J °° N(t) 3 dt = K < oo, £(0) = 0, and u is a minimal mass blowup solution 
to (TO]), \i = ±1. Then u(t,x) G #|(R d ) /or < s < 1 + 4/d and 

\\u(t,x)\\ L oo H s^ 0oo ) xR d) < K s+ . 

Recall from (|2,25[) that we also have 

Y,N(J k )~K. 

■h 

This implies |£(ii) - £(t 2 )| <d # for all h,t 2 € (0,oo). Therefore |£(i)| < d K on (0,oo). 

Theorem 5.2 // theorem I5.il is trite, a minimal mass blowup solution to (jj.ip . /z = +1, wit/i 
iV(t) < 1 and 

I N{tfdt = K < oo 
Jo 

does not exist. 

Proof: Recall the compactness modulus function C(rj) defined for all < rj < oo from (|2.12p and 
(|2.13p . There exists a function rj(t) such that for 1 < s < 1 + 4/d, 

lim C (r)(t))N(t) +ri(t) ^ = 0. (5.2) 

t— >±oo 

So for any 5 > there exists T sufficiently large so that 

C(?7(r))iV(T) + r/(T)"ir < 5. 
Make a Galilean transformation setting £(T) = 0. 

s — 1 

H M ( T )H/ii(R<*) ~ H u |f|<c(7?(T))iv(T)|lHi(Rd) + \\ u m>c( v (T))N(T)\\Hi(nd) < C(tj(T))N(T) + rj(T)sr . 

(5.3) 

The estimate on ^|£|>c(r;(T))Ar(T) follows from interpolating \\u^ > c(ri(T))N(T)\\L 2 (R d ) < viT) 1 ^ 2 with 

II^WIlL r ^((0,oo)xR d) ^^ + (5-4) 
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for 1 < s < 1+4/ d. Before we made the Galilean transformation that set £(T) = 0, we had |£(t)| <d 
K for all t € (0, oo), so by the triangle inequality and ()5.4|) . after the Galilean transformation, 

\\< T )\\h^)^ KS+ - (5-5) 
This bound is uniform for T G [0, oo). Also, by the Sobolev embedding theorem, 

2(d+2) 2(d+2) 

\HT)\\ 2 f d+2) < d \\u(T)\\ * <d|Kr)||^ , d) \\u(T)\\%° 1 d < mo , d 5 2 . (5.6) 
LT^~ (R d ) ^ d+2 (R d ) 
Using conservation of energy and (11.51) . for all t G (0, oo), 

E ( U ( T )) = E ( u (t)) = \ j \Vu(t,x)\ 2 dx + ^^ j \u(t,x)\^dx< mo>d S 2 . (5.7) 
By (12. 12f> and conservation of mass, 

99mH f ,„ ,,,, 

< / 2 \u(0,x)\ 2 dx, 

100 V^ojl^c^) 

which by Holder's inequality and conservation of energy, 

I 777,n 2d n 1 777,n 2d d I fUn "2d d 

< -C(j^)^\H0)\\ 2 2(d+2) < - C A^E(T)^ < -.cA^SWV. 

1UU , d iv>d\ AT(C\\d+5. 1UU ATfCl\d+2 10U 



AT(0)d+2 1UU L —3— (R d) AT(Q)d+2 1UU jy^o) 



For 5 > very small this is a contradiction. Therefore theorem 15.21 has been proved, assuming 
theorem 15.11 is true. □ 



Remark: We could also apply this argument to the case fi = —1, 1 1 ""o Hz, 2 * s ^ ess than the mass 
of the ground state. We will not bother to do that here. 

Proof of theorem \5.1[ We will rely on two intermediate lemmas to prove theorem 15.21 As usual we 
will partition (0, oo) into subintervals Jk with ||it|| 2 (d+2) = e. 

L d (J fc xRd) 



Lemma 5.3 For any 1/2 < A < 1 + 4/d and A < 1/2 + a, if 

K° 

3 II U >M || S9< Ji.xR d ) ~m ,d,o- 



SUp\\u >M \\sO(J k xR d ) Sn ,d,<7 J^, (5i 



then 



K x 

\ P \Z\>N{\u\ 4:/d 'u)\\s°((0,oo)xR'i) So,d,A JJx- (5.9) 
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Proof: We have already proved that for any compact interval J, when N < K, 

ll^)i>^ll L?L#(jxRd) ^f^- (5-io) 

Let Cbealarge, fixed constant such that — £(^2) I < ij^n-^- When iV < CK, take J n = [0,T n ]. 
By theorem 13,11 with implied constant independent of T n , 



Taking T n — > 00, we have 



i?ix' 2 ((0,oo) xR d ) 

In fact, for any A > 1/2, when N < CK 



SWU L?Z^([0,T n ] xR d) ATV2 



u |£-£(t)|X/vll o 2d Sn ,d TTTTT- ( 5 - 12 ) 



L*Lg-* ((Q,cx>)xR<*) 
Interpolating this with conservation of mass, 



u \Z-£(t)\>N I o 2d <m ,d,A -ttt- (5.13) 

'2 7-^-2 Cm noWRd-| iv 



l n ]£-£(t)|>ivIls°((o,oo)xR<*) So.d.A -^x- (5.14) 



Now we can use 



Lemma 5.4 Let u be a solution to (j which is almost periodic modulo scaling on its maximal 
lifespan I, u blows up forward in time. Then for all t & I, 

u(t) = lim % [ e i{t - T)A F(u(T))dT, (5.15) 



as a weak limit in L 



X ' 



Proof: See section 6 of [33]. □ 
For N > CK, 



I P |^£(*)|>aHIs°((0,oo)xR<*) ||P| £ |>iv(|n[ 4/d u)|| 2d . (5.16) 

U l?l " 2 Lfif ([0,oo)xR d ) 
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+ 11(1 - X{t))u^L^ L 2 ((0oo)x - R d ) \\u\^(t)\>r 1 N\\ n 2d 

+ ll«|{-^(t)|>CbJV(t)|li» £ 2((o l00 )><R««)ll U IC-{(t)l>'7Arll r2r ^„ n , 

' lU 1 J y ijix ((0,Oo)xR d ) 

+ ll("|«-4(t)|>77iv)lx(*)^-«(t)|<CoJV(t)| 4/d || ^ • 

L t L x ((0,oo)xR ) 



(5.17) 



Therefore, for any < s < 1 + 4/d, 



M<r)N N L?^((0,oo)xR<*) £:U '-' i?iP((0,oc)xR") 

(5.18) 



+ C o /2 (^) 1/2 ( su Pj fe H u | 5 - 5 (t)|>^ll50(J fc xRd)), if d = 3; 

+Co~ 6/d (^) 2/d ( su Pj fc ll u | S ^(t)|>^lls«(J fc xRd)) 4/d |l'"|5-€W|>r ? ivir" 4/ iL . if d > 4. 

2 L 2 L T d - 2 ((0,oo)xRrf) 

(5.19) 

By induction, 

ll^|> f (k| 4/d n)|| s o ((0i0o)xRd) < C 2 (mo,d, S )C 3 (m , ( i,A)(^)V" A 
+5(C )C 2 (m , d, S )C 3 (m , d, A)(^) A 

-,3/2 



+ 



C , 2 (m ,d,s)(^-)(f^)^+ F , ifd = 3; 

C 2 (m , d, s)C 3 (m , d, A) 1 - 4 /^) 2 /^)^^)^ 4 ^^ if d > 4. ' 

IfA<l + 4/dwe can find s such that A<s<l + 4/d. Take s = A+1 + 4 / rf . Choose 77 sufficiently 

small so that r) s ~*C2 is very small. Then take Co(d, s, r], A) sufficiently large so that ^pr^-C^ is very 
small. Finally, if d = 3 choose C3 sufficiently large so that 



C 2 C 



3/2 

«c 3 , 



and if c? > 4 choose C3 sufficiently large so that 



^ n A-Q/d 

C2 °\ « ct /d . 
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This closes the induction and completes the proof. □ 

Remark: We assume K « rjN, otherwise we just use the results of §3. 

Now suppose I is some interval [a, b]. 
Lemma 5.5 If u is a solution to (j 1. 

|| P >N u(a) || L2( R d) < mo ,d,X jp, 

with X < 1 + 4/d, and 

\\u\\ 2(d+2) < 5 

for some 5(mo,d,\) > sufficiently small, then 

K x 

ll- p >A f ' u llsO(/xR d ) SoAA -TjX- 
Proof: By Duhamel's formula and ()2.4|) . 

ll-fViHIsgflxW) = ||P>iV'u(a)|| i 2 (R d) + ||P>jv(M 4/d u)|| 2 (d+2) 

Since 

IMIs°(J fc xR d ) <m ,d 1 + (5 1+4/ci < mo ,d 1, 

our lemma is true for N < CK. By Bernstein's inequality and corollary 12.101 

\\P>N{\u\ A,d u)\\ 2(d+2) <d\\P>N{\u<N\ A,d U< N )\\ 2(d+2) + |||n>7v|M 4/d || 2(d+2) 



~m ,d,s ,> ^"a7^ ll-^MWll 2(d+2) ||W|| 2 (d+2) 

Af<iV iV L t,* d ( /xRd ) L t "I^(/xRd) 

< mo , rf>s E ^r\\ p >Mu\\ 2^ ^ 



TV ' 



M<N L t,* d U xRd ) 

Then apply the method of continuity. Recursively define a sequence of functions, 

JtA. 



n = e ltA u(0), 



i / e^ A \u n (T)\ 4 / d u n (r)dT. 
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By (|5.20p and Strichartz estimates, 

K x 



\P >N e itA u(0)\\ ™ < d 

L t 7^(/xR^) N 



Let a = ±2±m, 



SUp(— ) A ||P>j\fli n+1 || 2(d+2) <m ,d,A 1 +^ 4/d (sup( : ^) A ||P>ArU n || 2 (d+2) ) 

N A ^"T - (7xR d ) AT A ^"T - (7xR d ) 

By continuity, for 6(mo,d, A) > sufficiently small 

II II < RX 

||U>7V|| 2(d+2) ^m ,d,X -T7T- 

By the same argument we also have 

K x 



Therefore, 



P >N (\u\^ d u)\\ 2(^+2) < m0 AXTfx- ( 5 - 26 ) 



K x 

\ u >N\\s°(Ix~R, d ) ~mo,<i,A J^- ( 5 -27) 



Again, since |£| ~ |£ — £(t)| when iV > Cif, this proves 



K x 

\ u \i-^{a)\>N\\s2(ixR d ) < -jyx- (5.28) 



□ 



Corollary 5.6 If u is a solution to (JTTTJ), A < f + 4/d, 

ATA 



K x 

\\P>nu\\ L oo L 2 ((0jOO ) xR d) < — j, (5.29) 



and 



then 



u\\ 2(d+2) = e, (5.30) 



K A 

\ U >N\\S°(JkXR d ) < ( 5 - 31 ) 
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Proof: Partition each subinterval Jk with |ju|| 2(d+2) = e into a finite number of subintervals 

Ii with ||u|| 2 (d+2) = S. Combining (15.29f) and lemma l5\5| 

K x 

H-P>iv u l!s2(j fc xRrf) ^ ^x- (5-32) 
Now we are ready to prove theorem 15.11 

Proof of theorem \5.1\ This is proved by induction. Take N > CK. Lemma 15.31 implies that since 
IMIs°(J fc xR d ) < 1) 

ii <r Rl/2 

H n |£-?(i)|>Anls°((0,oo)xR d ) ~mo,d ]yT/2" 

By corollary 15.61 this implies 

\\ P ^H(a h )\>N u \\s2{J k xR^ < 
Applying lemma [5731 again we have 

H u |£-£(t)|>ivHs ((o,oo)xR d ) < Jj- 
Iterating at most four more times, theorem 15.11 is proved. □ 

We have excluded the second minimal mass blowup scenario. This concludes the proof of theorem 

res □ 
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